Analyzing frontal discontinuities in membranes and shells 605

6, Ditkin, V, A, and Prudnikov, A, P,, Integral Transforms and Operational
Calculus, Moscow, Fizmatgiz, 1961,
7. Vakman, D, E,, Asymptotic Methods in Linear Radio Engineering, Moscow,

"Sov, radio”, 1962,
Translated by M, D, F,

APPLYING THE EXPLOSION ANALOGY TO THE

CALCULATION OF HYPERSONIC FLOWS

PMM Vol, 33, N4, 1969, pp. 622-630

0. S.RYZHOV and E, D, TERENT'EV
(Moscow)
(Received April 4, 1969)

After Tsien [1], Hayes [2] and I1'iushin [3] had established the analogy between hyper-
sonic flow past slender bodies,and unsteady flows in a space with one fewer dimensions,
many researchers sought to establish which steady flow corresponds to the motion of a
gas produced by an intense explosion. The authors of the earliest studies [4~ 8] assumed
that the gas particles in an explosion of a flat or filament charge move in the same way
as in flow near a blunt plate or semi-infinite cylinder at a zero angle of attack relative
to the free stream. The thickness of the streamlined bodies were assumed to be infinjtes-
imal; the bluntness of their leading edges was taken to be the direct analog of the action
of a concentrated force on the ambient medium, The resulting analogy made it possible
to isolate the most salient common features of the two effects, but suffered from one
drawback: the density at the plate and cylinder surfaces turned out to equal zero, and
the entropy to be infinite,

Cheng [9], Sychev [10, 11} and Yakura [12] subsequently developed the notion of a
high-entropy layer whereby the thickness of streamlined bodies increases to infinity down-
stream, while the entropy remains finite over the entire contour, They emphasized that
flow in a high-entropy layer differs from that in the rest of space , and that the use
of the hypothesis of plane cross sections to calculate this layer entails considerable errors,

The results of Sychev [10, 117 and Yakura [12] are thoroughly analyzed below, It is
shown that these results are obtainable directly from the theory of intense explosions as
developed by Sedov {13, 14] and Taylor [15], This possibility means that the analogy
between unsteady flows and hypersonic flow past slender bodies is valid in the first appro-
ximation throughout the domain beyond the front of the bow shock wave, This includes
the domain adjacent to the contour of the body, The contour itself can be determined
simply by choosing an appropriate value of the entropy at the particle trajectory which
generates it; the equation of the trajectory can be found by solving the explosion prob-
lems in Lagrange variables [16],

1, we assume that the motion of the gas is axially symmetric, Our principal conclu-
sions will be equally valid for plane-parallel flows, however, We denote the axes of the
cylindrical coordinate system by z and r, directing the x -axis along the velocity vec-
tor of the unperturbed stream, Following [10—12], we shall consider the inverse problem,
i.e. we shall prescribe the form of the shock wave r = r, (Z), and determine the con-
tour of the streamlined body in the course of solution. Using the explosion analogy to
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calculate the hypersonic flow, we set

r., = C x_ 1.1
where C is an arbitrary constant, ' 4 (1.
The principal contribution made by Sychev [10] was to determine the shape of tie
body far away from the point of intersection of the central streamline and the shock front.

His expression for the contour r = ry{x) of the body is
(]

= fg L 2=t xC? Gz HM]" " .
ro=cer{t + 221 (6 (2, m) [1_ T L !l (1.2)
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Here % is the Poisson adiabatic exponent, the function H is equal to the ratio of the
pressure in the perturbed flow domain to the pressure beyond the shock wave, and the

quantity G [_:T (an— -g;)q]\/x (1.3)

Formula (1, 2) is not valid for small z , since the perturbations of the velocity field
turn out to be finite and cannot be described by a theory based on the unsteady flow
analogy, Conversely, this formula becomes more precise the larger the &~coordinate,
It is therefore expedient to simplify it by taking the limit and letting £ — o0 .

To do this we make use of the integration variable u and the self-similar variable A
introduced by Sedov [16]. Denoting the ratio of the velocity in the perturbed flow zone
to the velocity beyond the shock front by f, we obtain [10]

A
eyl
7)== exp 25 )\.——mf/ d?\..)
Let us also introduce tie function g defined as the ratio of the density at an arbitrary
point lying between the shock wave and the body to the density due to intense shock
compression of the gas, The functions j and g and their first derivatives are related by

the expression —:,_%_*_( _%—_2%_—1}»)-1[(%”%_”4_(_&_4_%;—1)]:0

which appears in monograph [17]. This relation is readily transformable into

d % +1 2 -1
e e == o)
from which we infer that 5 "t 1 .

By definition, H# (n) = h (A). Making use of the Eq, (1. 4), we can rewrite formula

S ERVE N T

The expression in square brackets in the right side of the latter equation can be sim-
plified with the aid of the adiabatic criterion [17]

2 %41
The function G now assumes the final form
2 -1/
c :<gx+ 04 Z ) * (1.5)

Converting from the variable 7 to the self-similar variable A in Eq. (1.2) for the
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contour of the required body, we obtain
0
. %C? G (z, A)h(}) T-": s
rb=Cx/'~“{1 +2Sa(x, M[“(H—i)ﬁ ( x) ( )] Ag (M) dx} (1.6)
1

The function G — g~! as r — oo for finite values of A, As A — O the ratio g — 0
and & — hy %= 0, This follows from Sedov's asymptotic formulas [16]. Hence, as 4 — 0
and = — oo, the second of the two terms in parentheses in the right side of Eq, (1, 5) may
turn out to be larger than the first, and for A = 0 we have

This implies that the ratio ¢/ z — 0 as z — oo for all values of A. Making use of this
fact, we can write the expansion

[1 % ih_]—‘/z _ %C®  [Gh
ZFir =zl “'timripe too (1.7)

In order to determine the asymptotic behavior of the contour generatrix of the requi-
red body for large values of the =z-coordinate, we must use only the first term of series
(1.7) in computing the integral in the right side of (1, 6). It is not difficult to show that
the remaining terms of this series make a contribution of lower order in z to this inte-
gral, This means that in the first approximation

0
\ S0 b -1 Y,
rp= C:'c/’{i—{-ZS(g"—{-TT) Kgd?»} (1.8)
g
Expansion of the integrand of the above expression in a series is no longer possible for

large z. We therefore have

3 C? h \-1/x o : C? h \-1/x
S(g*+—4— T) Ag dh =(S+S) [<g"+—4—7> kgdh]=h+fe
0 0 €
where the parameter ¢ must be chosen in such a way that, on the one hand,
o> (1.9)
and on the other e<Z 1. Series expansion of the integrand in J, is possible by virtue of

condition (1, 9), Making use of this condition, we obtain
€

1 g2 c: 1 h
==t T T wm T S—xd““ s
" ¢ g
To compute the integral J; we first transform the expression
c: h o\ Ll- L =1
x x—
[+ tTE) = e Faem
2% 2%
C? —_— — C? hy
"= ne*e (é’ox}»x lh—‘gxho), po=gA*1 +_4—T (1.10)

where the constants gyand %, are the coefficients of the first terms of the asymptotic

expansions of the functions
2 o% 2%
g=A%1 (go g™ +...), h=ho+hA"" +... (1.11)
for small A. Making use of asymptotic expressions (1. 11), we can readily show that for

large z and 0 < A < € the quantity m <& 1.



608 0.8, Ryzhov and E, D, Terent'ev

Bearing this inequality in mind, we find that in the first approximation

e S 4
Jl:goS"'x—lp' * di
0
Converting from integration over A to integration over p in accordance with formula
(1, 10), we can compute the value of J, in finite form, Retaining only the principal terms,
we obtain g —20=D x—1  2(x—1) x—1

e? i B
11=-—-—2—+52 * ga‘xhox cC * z * 4. ..

Now let us collect the above results and substitute them into Eq, (1, 8). In the final
analysis the behavior of the generatrix of the streamlined body contour as z ~ oo is
given by the expression _x—1 1—%  x—1 sx—1 1

=2 * g% R C* z¥ (1.12)

In comparing formula(1.12) with the analogous formula of Yakura {12] it is convenient
to convert to dimensionless variables by dividing the coordinates by the radius r, of the
shock front at its point of intersection with the axis of symmetry, From Eq. (1. 1) defin-
ing the form of the shock wave we obtain

rofre =V 2zjr, (C= Vir) (1.13)
Finally, recalling the equations [16, 17]

_ 93 3x—4 2 __2 I2 (x—1)
go=2 DTN D@m= (o L P pg=2 BTX % X (1) (1.14)

for the coefficients g, and he , we can rewrite formula (1. 12) as ,

Y 4—x 2—x? _ %1 z 2%
—_ __ 92x(2—X) , 2% (2—X) 2% (—— .
Te =2 74 (x+1) ‘r.) (1.15)

2., Now let us turn to Yakura's paper [12], Yakura found the shape of the body cor-
responding to shock wave (1. 13) by constructing the solution of the gas dynamics equa-
tions by the well-developed method of combining exterior and interior asymptotic expan-
sions (the principles of this method are presented in detail by Van Dyke [18]). He assumed
that the exterior flow region was described by the solution of the intense-blast problem
obtained by Sedov [13, 14] and Taylor [15]; the interior expansion gave him the velo-
city field in the high-entropy layer adjacent to the streamlined body.Y akura also assumed
that the perturbation theory [1—3] based on the hypothesis of plane cross sections by
analogy with unsteady flows is not directly applicable to the study of flows in high-
entropy layers,

We begin the analysis of the interior expansion formulas [12] with the equation
1

1 2.
7 =) ()™ ()

of the contour generatrix of the required body, It is easy to show with the aid of the
second equation of (1, 14) that the above expression is identical to Eq, (1.15), which
follows from relation (2, 1). Thus, the shape of the streamlined body corresponding to
shock wave (1. 13) as obtained by Yakura and Sychev turns out to be the same in the
first approximation, even though the methods of investigating the problem which under-
lie their studies are quite different, This explains the good qualitative agreement of the
results obtained by direct computation of the integral appearing in (1, 2) with the results
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which follow from formula (2, 1), The only disparity is due to the fact that the values
of z/r, chosen in [10, 12] were not too large, No deeper reasons for the disparity exist
[191.

Yakura's interior expansion formulas [12] make it possible to determine not only the
contour of the streamlined body, but also the structure of the high-entropy layer adjacent
to it, The independent variables in these expansions are the longitudinal coordinate z
and the stream function v ; the transverse coordinate r is specified by way of the equa-
tion L x—1 1

e G TET e

Here p,, and »,, denote the density and velocity in the free stream, For ¥ = 0 rela-
tion (2. 2) implies (2, 1), Making use of this equation, we can express the stream function
in terms of z and r and then obtain explicit expressions for the transverse component
2 of the particle velocity, the pressure p, and the density p as functions of the cylindri-
cal coordinates, Replacing the coefficient k, by its expression as given in (1. 14), we find
on the basis of [12] that

2 2 (x—1)
_v_,_L(x Tt P, i, T (” -1
Vo o 2% \r, > Iy’ PoVwo? 2 % r, (2.3)
p _ 4—x 3n—4 x+1 z — 'ulTl - %__1
f—J_ =92 (x—1) (2—x) y (x—1)(2—%) (% — 1)1 (u + 1)*-1 <r_) ( - )
(o) . -

As regards the longitudinal component =, of the particle velocity, its deviation from

the velocity of the free stream is
2—x 2
3 p—n x+1 =1 -

e L oRT o (g 1)k (r_’”.)x—l (r’ ) ! (2.4)

fo'e) *

We can also write out the expression for the entropy,
PP o7 1
_—— =9 (% —_ 1)1( (% + 1)—(1(-}-1) ST T 1
/o )" 2¥/(poolUoma?) + 1
which naturally depends on the stream function ¥ alone. The maximum value of the
entropy corresponds to ¥ = 0, i. e, to compression of the gas at the normal shock wave,

(2.5)

3. Now let us consider some relations from the intense-explosion theory developed by
Sedov [13, 14] and Taylor [15]. We denote the time by ¢ ; the quantity E is proportional
to the energy released upon detonation of a filament charge of unit length, The coordi-
nate of the shock wave is then given by B\ -

ry= (—) ]/t (3.1)
Poo

In using the analogy to calculate hypersonic flows the quantity £ is identified with

the constant F, proportional to the force ; the time ¢ is related to the Z-coordinate by

the expression [4— 8] t= 2/ Us (3.2)
Its substitution into formula (3, 1) yields
r v x s F
m=C(E) (o) 43

In order for Eq. (3, 3) to coincide with (1. 13), we must set the drag coefficient Cp,=4
We assume from now on that this condition is fulfilled, Sedov [16] showed that the fol-
lowing asymptotic expansions are valid near the blast center:
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2
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The coefficients k; and %, in these expressions are related to the Poisson adiabatic coef-
ficient in the following way:
- 2 3x—1 x+1 e 2(4—1)
kl — 2 (x—1)(2—x) %(x_l)(2-x) (% . ,1)—1 (K + 1)K;1’ k(: _ 2 ‘.l——KM 2—x%

Converting from the time ¢ to the coordinate x in accordance with (3. 2) in expan-
sions (3. 4) and recalling the two above expressions, we see that the indicated expansions
coincide precisely with Yakura's formulas (2, 3). This coincidence implies the validity
of the hypothesis of plane cross sections [1- 3] in the case of the high-entropy layer adja-
cent to the surface of the streamlined body, In fact, Yakura's interior expansion {12]
actually represents the asymptotic form of the solution of the intense-explosion problem
for r — 0; it is this asymptotic form which he matched with the complete solution of
the same problem, In other words, the analogy between unsteady flows and hypersonic
flow past slender bodies can be used to compute the entire domain situated between the
front of the shock wave and the surface of the body.

We must now consider the shape of the body itself. As we have seen, its contour must
be generated by the trajectory of one of the particles set in motion by the detonation
wave. In order to see this let us make use of the solution of the blast problem in Lagrange
variables as it appears in Sedov’s monograph [16]. This solution is given in parametric
form, the parameter being the dimensionless velocity V = fv,/r.  The axis of sym-
metry of the flow corresponds to the value V = 1/(2 ). Let us denote by r, the initial
coordinate of the particle prior to the passage of the shock wave, and set

L1
V= (1+4)

It is easy to show that for small A the solution [16] of the intense-explosion problem

in Lagrange variables has the following asymptotic form:
x—1 x+1  x—1

Tt m—1) P f1) T AT

x—1

1

_:'_'9_ — 2_ 2—x% KQ—K (X . ,1)*1/2 Al/z

8
Eliminating the parameter A and making use of expression (3. 3) for the coordinate
r, of the shock wave, we obtain
1—x 2—x? ot KT-I -%(—
T QA B () < o ) <i) (3.5)

r, r, r.

For ry, = T, formula (8, 5) coincides completely with (1, 15), which implies that the
contour of the streamlined body is formed by the trajectory of a particle propelled by
the detonation wave, The resulting value of the coordinate r, is related to the appro-
priate choice of the entropy along the trajectory (contour), In fact, in the intense-explo-

sion problem [16] we have
_p_:__l)_(%_1)l<(u+1)*(x+l)i_ 1

Fd b 2
P Poo 7O

Converting to dimensionless variables, we obtain

(3.6)
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P/(ooU %)
(o/p o)™
Let us compate the above value of the entropy with that given by formula (2, 5) in
which the streamlined body is associated with the value ¥ == 0. The two values turn
out to be equal for r, = r,. Thus, direct application of explosion theory to the deter-
mination of the streamlined body contour requires only the correct specification of the
entropy at the particle trajectory which is its generatrix, This value of the entropy
occurs with shock compression of the gas at the normal shock wave front in a hypersonic
stream, It is the maximum permissible entropy, since the entropy beyond an oblique
shock wave must be smaller, On the other hand, according to the solution of the intense-
explosion problem the entropy in the particles can increase without limit with decreas-
ing distance to the axis of symmetry, The maximum permissible entropy is

/( O'ZZ‘IIOO2 ®
[_I_)___f____)] =2(K mi)%(x+1)—( +1)
max

ro

=2k —1) (% 1) D (lLf (3.7)

{p/p,)"
which agrees with relation (2. 5). This value defines that region of unsteady flow which
can be used to compute the hypersonic stream, In the remaining part of the unsteady
flow resulting from an intense explosion of a filament charge the entropy values in the
particles exceed those attainable in a hypersonic steady stream,

The streamlines near the body contour are normalized by the expression
¥ ro\? ,

ool ool o2 = <T‘“) —1 (3.8)
which follows from a comparison of formulas (2, 5) and (3, 7). On fulfilment of condition
(3. 8), Eq, (3. 5) for the trajectory of an arbitrary particle becomes expression (2. 2) which
occurs in Yakura's interior expansion,

Correction (2, 4) for the longitudinal component of the velocity vector is equaily easy
to find on the basis of intense-explosion theory, To this end we need merely substitute
formulas (3, 4) reduced to the form (2, 3) into the Bernoulli integral,

1 . LA S SR T
T @S+ + o T 3 e

According to small-perturbation theory a particle trajectory must be described by the

solution of the ordinary differential equation
1 r
n 2

-
=t

Integrating this equation, we obtain .
r== At (3.9

In order to determine the arbitrary constant 4, we substitute asymptotic expansions
(8. 4) for the pressure and density into the left side of Eq, (3.6)., Allowance for relation
(3. 9) between the cylindrical coordinate and the time enables us to find 4 from the
initial position r, of the particle, It is easy to show that on converting from £ to «
according to (3, 2) we again obtain formula (3, 5), Thus, the condition of entropy con-
servation in a particle enables us to find the comect value of the constant in the asymp-
totic expansion of its trajectory as t —» oc.

4, Finally, let us consider the results of [11], where Sychev again posed the problem
of finding the shape of a body generating a shock wave of the form (1. 1) and (1, 13) in
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a steady hypersonic stream, He solved the problem by the method of deformed Poincaré-
Lighthill-Ho coordinates described in [18]. His scale of reference for the cylindrical
coordinates was the diaimeter d of the blunt nose of the body, Sychev wrote the expres-
sion of the shock front in the form

rd = %,Ct (zld)'h
This formula becomes identical to formula (1, 13) if we set
18Cx2 = Cxy = 4 (4.1)
The scale factor d then becomes identical to the radius of curvature », of the shock

wave at its point of intersection with the axis of symmetry of the stream, According to

[11], the required contour equation can be written as .

r _x~1 L _ x+1 1 2x—1 2%
—Eb-zz * o x? (K+1) o %1’7‘2 2 Cx;x (7)
where the constant x, can be expressed in terms of »;.and the coefficient %, introduced
above by means of the fosmula hony?
*e= 011
Making use of this equation, we immediately obtain
— 1
T w*—3x-+3 2—x? _xH AN ?KT‘ z 2%
_d__ =92 % (2—x) ® 2% (2—x) (K + 1) 2% (ché) <T) (4.2)

Recalling Eq. (4. 1) for the drag coefficient C,,;, we see that relation (4, 2) becomes
(1.15) with d = r,.

We therefore conclude that the methods of asymptotic expansions and deformed coor-
dinates as applied to the solution of the inverse problem of determining the shape of a
body from the shock wave (1, 13) which it generates, yield the same prescription; the
results of intense-explosion theory can be applied without alteration to the entire region
between the shock front and the body whose contour is formed by the trajectory of a
particle with an entropy corresponding to compression of the gas at the normal shock
wave in a steady hypersonic flow,

The authors are grateful to A, A, Dorodnitsyn and V, V, Sychev for their useful com-
ments,
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DIFFRACTION OF A SHOCK WAVE ON A WEDGE

MOVING AT SUPERSONIC SPEED
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We investigate the differentiation of a shock wave of an arbitrary intensity on the upper
surface of a wedge moving at supersonic speed under the assumption that the difference
between the intensities of the shock wave and the attached shock as well as the differ-
ence between the wedge angle « and the angle of incidence of the shock wave & are
both small (Fig, 1).

The case of a flow when a plane shock wave impinges on a wedge moving at super-
sonic speed and diffraction is absent, was dealt with in [1]. In the present paper we obtain
condjtions under which a constant parameter flow is realized in the region 4FK bounded
by the impinging shock wave, the attached shock and the wedge wall,

Diffraction of a shock wave of arbitrary intensity on a slender wedge moving at super-
sonic speed was dealt with in [2], Paper [3] was concerned with the diffraction of a weak
wave on a slender wedge moving at hypersonic speed. In addition, diffraction of a weak
wave on an arbitrary wedge moving at supersonic speed was the theme of a Candidate's



